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Abstract
We outline our proposal for a field theory description of steady state incompressible fluid turbu-
lence at the inertial range of scales in a general number of space dimensions. The theory consists of
a Kolmogorov linear scaling mean field theory dressed by a Nambu-Goldstone dilaton mode that
induces a random measure on the inertial range. We derive a KPZ-type formula for the anomalous
scalings of the velocity structure functions, the velocity gradients and the local energy dissipation,
and relate the dimensionless intermittency parameter to the boundary conformal anomaly.
Dedicated to the memory of Jacob Bekenstein
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I. INTRODUCTION
Most fluid motions in our universe are turbulent. However, despite centuries of research
we still lack an analytical description and understanding of fluid flows in the non-linear
regime. Turbulence is considered as the most important unsolved problem of classical
physics. The turbulent incompressible fluid flows exhibit highly complex spatial and tempo-
ral intermittent structures. When considering their statistical average properties a universal
structure is revealed in the inertial range of scales that exhibits homogeneity, isotropy and
anomalous scalings. Our aim is to gain insight to the nature of the anomalous scalings and
construct an analytical formula to calculate them.
In the following we will outline our proposal for a field theory description of steady state
incompressible fluid turbulence at the inertial range of scales. We will consider a general
number of space dimensions d ≥ 2, with a particular attention being given to the physical
two and three space dimensions. Physically, our theory consists of a Kolmogorov linear
scaling mean field theory (K41) [1] dressed by a Nambu-Goldstone (NG) gapless dilaton
mode. The NG mode arises from a spontaneous breaking due to the energy flux of the
separate scale and time symmetries of the inviscid Navier-Stokes (NS) equations to a K41
scaling with a dynamical exponent z = 2
3
[2]. Mathematically, the dilaton mode induces
a random measure on the inertial range and the emerging random geometry structure is
reminiscent of two-dimensional quantum gravity [3, 4], with the dilaton being the analog of
the Liouville mode.
We will derive a KPZ-type [3, 4] analytical formula for the non-linear anomalous scalings
of the velocity structure functions, the velocity gradients and the local energy dissipation:
∆−∆K41 = G2(d)∆(1−∆) , (1)
where ∆K41 is the K41 linear scaling dimension of the fluid observable and ∆ is the ex-
act anomalous dimension. G(d) is a dimensionless parameter that depends on the number
of space dimensions and quantifies intermittency and the deviation from Kolomogorov lin-
ear scaling. It can be measured numerically and experimentally and we will relate it to
the boundary conformal anomaly of the K41 mean field theory [2]. Formula (1) can be
viewed as a physically and mathematically consistent completion [5] of the random cascade
Kolmogorov-Obukhov lognormal model [6, 7] to the strong intermittency regime. It is in
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agreement with the experimental and numerical data and provides an infinite number of
new predictions [5].
The inspiration for the proposal comes from classical black hole dynamics. Black holes
have a horizon: objects fall into the black hole through the horizon but cannot emerge.
This breaks time reversal symmetry and allows Einstein equations to describe dissipative
effects (see e.g. [8, 9]) that are crucial for turbulence. The evolution equations of the
horizon are in the non-relativistic limit the NS equations that describe incompressible fluid
flows [10, 11]. The fluid pressure and velocity denote the deviation from equilibrium of the
horizon hypersurface location and its normal, respectively. Since the horizon is characterized
by a geometry, the gravity variables suggest that there should be a geometrical framework
for studying the dynamics of fluids: geometrization of turbulence (for a brief review see [12]).
We can map every solution of the incompressible NS equations to a geometrical configura-
tion of the black hole horizon and its embedding. Hence, studying the statistical properties
of fluid flows is mapped to studying the statistics of geometries, i.e. random geometry. By
a random geometry we will mean changing the Euclidean measure dx on Rd to a random
measure dµ(x) ∼ eγφ(x)dx, where the Gaussian random field φ(x) is log-correlated (for a re-
view see e.g. [13]). We will identify the field φ with the dilaton and γ with the intermittency
parameter G [2].
The paper is organized as follows. In section II we will construct the field theory of
turbulence, while section III will be devoted to a discussion and outlook.
II. FIELD THEORY OF TURBULENCE
In this section we construct a field theory of turbulence in the inertial range of scales.
The theory consists of a Kolmogorov linear scaling theory dressed by a NG dilaton that
induces a random measure on the inertial range of scales.
A. Flux States
The incompressible NS equations provide a universal description of fluid flows at low
Mach number, that is v ≪ vs where vs is the speed of sound. In flat space they read :
∂tv
i + vj∂jv
i = −∂ip+ ν∂jjvi + F i, ∂ivi = 0, i = 1, ..., d , (2)
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where d ≥ 2 is the number of space dimensions, vi, i = 1..., d is the fluid velocity vector, p
is the fluid pressure, ν is the kinematic viscosity and F i is an external random force.
In a steady state we have an equality between the incoming energy flux due to the external
force and the energy dissipation due to viscosity:∫
ddx
(
F ivi
)
=
∫
ddxǫ(x) , (3)
where
ǫ(x) =
ν
2
(
∂iv
j + ∂jv
i
)2
, (4)
is the local energy dissipation.
Fluid flows exhibit turbulence at large Reynolds numbers Re = lcvν ≃ 103, where lc is a
characteristic length scale and v is the velocity difference at that scale. In such a state the
viscous term ν∂jjv
i is negligible compared to the nonlinear term vj∂jv
i in the NS equations
(2), yet, ǫ(x) is non-vanishing and balances the incoming flux (3). This is a turbulent flux
state. It is far from equilibrium and the Gibbs measure is inappropriate for quantifying its
statistics. We will essentially work in the infinite Reynolds number limit.
One defines the inertial range to be the range of distance scales l ≪ r ≪ L, where
the scales l and L are determined by the viscosity and forcing, respectively. Although the
turbulent flow breaks all the symmetries of the NS equations, turbulence at the inertial
range of scales exhibits statistical homogeneity, isotropy and anomalous scalings. We will
be interested in the energy cascade steady state statistics and the equal time correlation
functions.
B. Spontaneous Symmetry Breaking of Space and Time Dilatations
In the absence of a viscosity term, the (inviscid) NS equations (2) exhibit two scale
symmetries. These are independent scalings of space and time which we denote by Rx×Rt:
Rx : x
i → eσxi , Rt : t→ ezσt , (5)
where σ and z are real parameters and an appropriate charge is being assigned to the
random force. For any value of z, one can define the total dimension of an object that
carries dimensions (rx, rt) under Rx × Rt as
∆z = rx + zrt . (6)
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The dimension of vi is ∆z = 1 − z and the dimension of the different terms in the inviscid
NS equations is ∆z = 1− 2z.
The local energy dissipation (alternatively the flux) breaks spontaneously the symmetries
of the inviscid NS equations to Rz= 2
3
, as follows from the requirement that
∆z(ǫ) = 2− 3z = 0 . (7)
This is the Kolmogorov linear scaling ∆z= 2
3
≡ ∆K41:
∆K41[v
i] =
1
3
. (8)
Thus, we interpret the turbulent flux state as a state that spontaneously breaks the inde-
pendent scalings of space and time to z = 2
3
.
When a scale symmetry is spontaneously broken one expects a Nambu-Goldston gapless
mode called the dilaton. We denote the expectation value (VEV) that breaks Rx × Rt →
Rz= 2
3
by:
〈ǫ〉 = ǫ¯ , (9)
where 〈...〉 means integration over both space and the probability distribution function of
the force F . When considering turbulence in flat space ǫ¯ is a constant. It will be space
dependent when studying turbulent flows in curved spaces.
The dilaton τ(x) is the fluctuation:
ǫ(x) = ǫ¯eδτ(x) , (10)
where δ(d) is a dimension dependent constant that will be related to intermittency and δ = 0
means zero intermittency.
The dilaton is invariant under the unbroken Rz= 2
3
symmetry [14]:
τ(x)→ τ(x) + ασ + 2
3
βσ, α +
2
3
β = 0 , (11)
and ∆z= 2
3
[eτ ] = 0. We will denote its charges under Rx ×Rt as (−Q, 32Q). We will relate Q
to the intermittency.
C. The Dilaton Field Theory
The steady state dilaton effective action in the inertial range of scales should be invariant
under the symmetry (5) and under Galilean boosts which forbid time derivative terms in
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the Lagrangian. The dilaton action reads [2]:
SD(τ, gˆ) =
d
Ωd(d− 1)!
∫
M
ddx
√
gˆ (τPgˆτ + 2QQgˆτ) , (12)
where we use the notation of [15]. When considering turbulence in flat space, M = Bd(L) is
the d-dimensional closed ball in Euclidean space Rd with radius L, whose boundary is the
(d − 1)-sphere Sd−1 of radius L and gˆ is the Euclidean metric. This will be the case most
interesting to us.
Q is a dimensionless parameter called a background charge and −Q is the dilaton charge
under scaling of space as defined above. Ωd =
2pi
d+1
2
Γ[ d+1
2
]
is the surface volume of the d-
dimensional sphere Sd.
Pgˆ are the conformally covariant GJMS operators [16]:
Pgˆ = (−) d2 + lower order , (13)
where  = gˆab∇a∇b with∇a being the covariant derivative onM and is the partial derivative
on M = Bd(L) whose metric is flat. They are local in even number of dimensions, for
instance Pd=2 = −, and non-local in odd number dimensions [17]. The dilaton is a log-
correlated field reminiscent of the Liouville field in two-dimensional quantum gravity. Pgˆ
gets a contribution from the boundary that depends on the boundary conditions.
Qgˆ is the Q-curvature scalar [18]:
Qgˆ = 1
2(d− 1)(−)
d
2
−1R + ... . (14)
where R is the scalar curvature with respect to gˆ. It is local in even number of dimensions, for
instance Qd=2 = 12R, and non-local in odd number of dimensions [17]. Qgˆ gets a contribution
from the boundary, for instance Qd=2 = 12R + K where K is the extrinsic curvature. The
bulk terms in Qgˆ vanish on the ball Bd(L) and it is determined by the boundary terms.
On conformally flat manifolds, such as the ball, Qgˆ is related to the Euler density Ed:
∫
M
ddx
√
gˆQgˆ = 1
2
Ωd(d− 1)!χ(M) , (15)
where χ(M) is the Euler characteristic of M , χ(Bd) = 1, and we normalized the Euler
density as: ∫
Sd
√
gddxEd = Ωdd! . (16)
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Under a Weyl transformation gˆab → e2σgˆab:
Pe2σ gˆ = e−dσPgˆ, Qe2σ gˆ = e−dσ(Qgˆ + Pgˆσ) , (17)
and this relation holds both for even and odd number of dimensions. We have:
SD(τ −Qσ, e2σ gˆ) = SD(τ, gˆ)− SD(Qσ, gˆ) = SD(τ, gˆ)− dQ
2
Ωd(d− 1)!SL(σ, gˆ) , (18)
where the Liouville action reads:
SL(φ, gˆ) =
∫
M
ddx
√
gˆ (φPgˆφ+ 2Qgˆφ) , (19)
and
SL(φ− φ0, e2φ0 gˆ) = SL(φ, gˆ)− SL(φ0, gˆ) . (20)
The linear shift in the dilaton under Weyl transformation (18) means that it can be viewed
as a NG boson of a spontaneous breaking of the Weyl symmetry by the choice of the fixed
metric gˆ.
The dilaton action is changed by a constant under a constant shift:
SD(τ + τ0, gˆ) = SD(τ, gˆ) + dQχ(M)τ0 , (21)
which imposes a selection rule in correlation functions.
The semiclassical limit of the dilaton field theory (12) is the large charge limit Q → ∞
and the convenient parametrization is in terms of the rescaled dilaton field τc =
τ
Q
. This
limit will correspond to the zero intermittency limit of the turbulence field theory.
Consider M = Bd(L). The two-point function of the dilaton reads:
〈τ(x)τ(y)〉 = 1
d
log
(
L
x− y
)
+ ... , (22)
where dots refer to a constant and terms that vanish in the limit L → ∞. The dimension
of the operator Vα(x) = e
dατ(x) reads:
∆α =
d
2
α(Q− α) . (23)
The dilaton theory (12) is a generalization of the two-dimensional Liouville conformal
field theory to higher dimensions [15].
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D. Dilaton Dressing and Random Geometry
Define the random measure on the inertial range of scales dµ(x):
dµ(x) =
√
gddx,
√
g =
√
gˆedγτ , (24)
where
√
gˆddx is the fixed measure, which when considering turbulence in flat space is the
Euclidean measure as noted above. Physically we identify this random measure with the
local energy dissipation (10), with
√
gˆ = ǫ¯ and δ = dγ which vanishes when γ → 0.
Requiring that ∆γ = d (23):
d
2
γ(Q− γ) = d , (25)
we get:
Q = γ +
2
γ
, (26)
and
γ± =
Q±
√
Q2 − 8
2
. (27)
There are two branches γ±. We require γ to be real, hence Q
2 ≥ 8. Without loss of generality
we take Q ≥ 0. We have:
0 ≤ γ2− ≤ 2, γ2+ ≥ 2, γ−γ+ = 2 . (28)
The critical value γ =
√
2 corresponds in two-dimensional Liouville quantum gravity to the
c = 1 barrier [3, 4].
The operators in the theory are K41 operators OK41 dressed by a dilaton factor e
dατ :
O(x) = edατOK41(x), α = γ(1−∆) , (29)
where d∆K41 is the undressed dimension of OK41. Note, that both OK41 and its dilaton
factor dressing are made of the fluid velocity and pressure. Requiring the conformal weight
of O to be d we get:
d
2
α(Q− α) + d∆K41 = d , (30)
which using (26) and (29) reads:
∆−∆K41 = γ
2
2
∆(1−∆) . (31)
The partition of the theory in a fixed volume V = Ld with respect to the random metric
scales as L−2d(1+ 1γ2 ). The expectation value of the one-point function of the integrated
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dressed operator (29) in a fixed volume scales as Ld(1−∆). d(1−∆) is the dimension of a set
in the random geometry of the inertial range and d(1−∆K41) is the dimension with respect
to the fixed Euclidean metric on it. In general, the expectation value of the n-point function
in a fixed volume scales as Ld
∑n
i=1(1−∆i).
Note, that in the field theory framework the natural units for the dimensions (conformal
weights) of operators are inverse length, while when we will be applying (31) to turbulence
we will associate dimensions of length to the fluid observables. In the fluid setup there is an
IR scale L, which can be used in order to relate the two.
E. Anomalous Scaling
Formula (31) reads as (1) with G2(d) = γ2
2
that quantifies intermittency and the deviation
from Kolomogorov linear scaling. The limit of zero intermittency G2 → 0 is the semiclassical
limit of the dilaton theory Q→∞ with G2 ∼ 2
Q2
. ∆K41 is the K41 dimension of the operator
and ∆ is the exact anomalous dimension. We have:
0 ≤ G2− ≤ 1, G2+ ≥ 1, G+G− = 1 . (32)
We will assume that the formula can be used when ∆K41 > 0.
Consider the longitudinal structure functions Sn:
Sn(r) = 〈(δrv)n〉 ∼ rξn , (33)
where δrv is the longitudinal velocity difference between points separated by a fixed distance
r = |~r|:
δrv = (~v(~r, t)− ~v(0, t)) · ~r
r
. (34)
The K41 scaling dimension of (δrv)
n is ∆K41 =
n
3
, thus
ξn − n
3
= G2(d)ξn(1− ξn) . (35)
The numerical and experimental data in two (inverse cascade) and three space dimensions
suggest [5]:
G2d=2 ∼ 0, G2d=3 ∼ 0.16 , (36)
and implies that we should pick the − branch (32). The corresponding charges are Q2d=3 ∼
17, and if we take G2d=2 ∼ 0.01 we get Q2d=2 ∼ 205. Both may be considered much larger
9
than one, thus intermittency in these cases should be explained to a good accuracy by the
semiclassical dynamics of the dilaton theory.
Formula (35) predicts a generic growth of the anomalous scalings at large n:
ξn ∼
√
n, n≫ 1 . (37)
This is a rather different behaviour compared to other existing proposals for the anomalous
scalings. Unfortunately, at this point an accurate experimental or numerical data of high
enough moments is not available and we cannot check this prediction.
The anomalous dimensions of the transverse structure functions of the velocity vector
field as well as the mixed cases is the same as that of the longitudinal structure functions
since the transverse and the longitudinal velocity increments have the same K41 scaling
dimension.
The normalized local space average of the energy dissipation (4) over a d-dimensional
ball of radius r, Bd(r), centered at a point x reads:
ǫr(x) =
1
V ol(Bd(r))
∫
|x′−x|≤r
ddx′ǫ(x′) . (38)
Consider the quantity (rǫr)
1
3 . Its K41 scaling dimension is 1
3
. Formula (1) suggests that its
statistics is the same as that of δrv. Thus, if
〈ǫnr 〉 ∼ rζn , (39)
we get:
ζn
3
= ξn − n
3
, (40)
with ξn given in (35).
Next, we define the quantity Dkr δrv where D
k
r = (r∂r)
k. It has the same K41 scaling
dimension as δrv, thus the anomalous dimensions of these operators are:
〈(Dkr δrv)n〉 ∼ rξn . (41)
F. Comparison to Random Cascade Models
Random cascade models for the redistribution of fluid energy via splitting into finer
scale eddies allows a rich phenomenological framework for studying fluid turbulence and
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intermittency (for a review see e.g. [13, 19]). When the random variable is lognormally
distributed one gets the Kolmogorov-Obukhov lognormal model [6, 7].
At leading order in the intermittency parameter G2, ξn of (35) coincides with the lognor-
mal model:
ξn − n
3
= G2n
3
(
1− n
3
)
. (42)
They differ at higher orders in G2 and (35) may be viewed as a completion of the Kolmogorov-
Obukhov formula (42) to the strong intermittency regime.
Unlike (42) which implies physically inconsistent supersonic velocities at large n and a
violation of the convexity inequality, its completion (35) is mathematically and physically
consistent.
In the lognormal model, the moments of the local energy dissipation ǫr scale as:
〈ǫnr 〉 ∼ rG
2n(1−n) , (43)
and
〈(δrv)n〉 ∼ 〈(rǫr)n3 〉 ∼ 〈ǫ
n
3
r 〉r n3 ∼ rG2 n3 (1−n3 )+n3 , (44)
as in (42). In the random cascade models one separates the dynamics of the K41 theory
from the that of the random measure and this is the reason for the factorization in (44).
However, this separation of the dynamics is only an approximation that can be made at
weak intermittency. In our language, the dilaton field interacts with the K41 theory and we
cannot seperate their dynamics.
More generally, in the random cascade models with a random variable W one has:
〈ǫnr 〉 ∼ rζn, ζn = − log2(〈W n〉) , (45)
which coincides with (43) when W is lognormally distributed, and
ξn =
n
3
− log2(〈W
n
3 〉) . (46)
In the random geometry framework we get:
ξn =
n
3
− log2(〈W ξn〉) , (47)
which coincides with (35) when W is lognormally distributed.
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G. Conformal Anomaly and Intermittency
On the ball Bd(L) the conformal anomaly coefficient a is obtained by varying the field
theory partition function ZBd:
a ∼ ∂
∂ logL
ZBd(L) . (48)
Another way to see the anomaly is by the non-invariance of the partition function under
a Weyl transformation that results in a term of the form e−aSL , where SL is the Liouville
action (19) and we neglect terms that are suppressed in the inertial range [2]. We will require
that the total conformal anomaly vanishes:
atotal = adilaton + aK41 = 0 . (49)
We may justify this requirement by asking that the inertial range universal structure and in
particular the anomalous scalings should not depend on L. In an even number of dimensions
we have [2, 15, 21]:
adilaton =
2
Ωd(d!)2
∫ d
2
0
dt
d
2
−1∏
i=0
(
i2 − t2)+ (−1)
d
2
Ωd(d− 1)!Q
2 . (50)
Since Q2 ≥ 8 we see that the first term in (50) can be neglected and
adilaton ≃ (−1)
d
2
Ωd(d− 1)!Q
2 , (51)
that is its classical value (18). Using (49) and the large Q behaviour of the intermittency
parameter G2 ∼ 2
Q2
we get:
G2(d) ≃ 2
Ωd(d− 1)!|aK41(d)| . (52)
This relation holds also for odd number of dimensions, where in both cases the contribution
to the anomaly comes from the boundary [2, 22].
III. DISCUSSION AND OUTLOOK
We outlined our proposal for a field theory description of the universal structure of
incompressible fluid turbulence at the inertial range of scales, derived an analytical formula
for anomalous scalings and related the intermittency parameter to the conformal anomaly
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coefficient. Note, that if the K41 theory is not conformally invariant [23] the same analysis as
above holds but aK41 (52) gets contributions on the ball not only from the Euler density term.
Mathematically, the structure of the field theory is that of a dynamical system (K41 theory)
coupled to a random geometry. Physically, the random geometry structure is induced by a
NG dilaton that is a consequence of a spontaneous symmetry breaking in the turbulent flux
state and the dilaton field is responsible for the intermittency. There are infinite number of
anomalous scaling dimensions predicted by the theory that may be checked numerically or
experimentally.
There are numerous directions to follow. A calculation of the anomaly coefficient of
the K41 mean field theory aK41 will enable via the relation (52) to calculate the intermit-
tency parameter and compare with numerical and experimental data. For this we need
to gain a better understanding of K41 theory, which is a non-local field theory. A calcu-
lation of equal time correlations of the local energy dissipation such as 〈(ǫr(x))p(ǫR(x))q〉,
〈(ǫr(x1))p(ǫr(x2))q〉 and velocity differences 〈(δrv)p(δRv)q〉 (see e.g. [24]), where r 6= R are in
the inertial range, can shed more light on the theory and may be compared with numerical
and experimental data.
The random cascade phenomenological framework for studying fluid turbulence and in-
termittency is not directly related to the NS equations that govern the motion of fluid flows.
The spontaneous symmetry breaking mechanism that we introduced provides a direct link
between the two via the dilaton that introduces the random structure. This topic deserves
further study, in particular since the spontaneous symmetry breaking is in the flux state
which is far from equilibrium.
It has been stressed by Polyakov [25] that the IR boundary conditions at the forcing
scale L are of much importance for turbulence and that IR condensates break spontaneously
conformal symmetry. Our dilaton theory is a conformal field theory [15] and it would be
valuable to understand the IR effects on it as well as on the K41 mean field theory. In our
framework the natural units for dimensions are inverse length and an explicit introduction
of the IR scale L can explain the change to units of length.
A study of the non-local dilaton theories in odd number of dimensions may shed more light
on odd-dimensional turbulence in general and on three-dimensional turbulence in particular.
Also, studying turbulence in curved space may offer a new viewpoint on its dynamics. In
our framework it amounts to introducing a random dressing of a fixed curved metric on the
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inertial range.
Higher-dimensional turbulence is mathematically intriguing and may also provide a 1
d
expansion scheme. Denote by u the velocity one-form, then du is the vorticity two-form
and the incompressibility condition reads d∗u = 0. In addition to the energy one has a
conserved helicity made from the wedge products H = ∫
M
(du)m when dimM = 2m is even
and H = ∫
M
u ∧ (du)m when dimM = 2m+ 1 is odd [26]. Studying the turbulent cascade
as a function of the number of space dimensions is likely to provide valuable insights.
One may try to generalize our framework to other systems. An interesting case is Burgers
turbulence, which will correspond to a one-dimensional random geometry. One may expect
that the shock wave solutions of Burges equations that determine the anomalous scaling
correspond to singular one-dimensional manifolds.
Finally, the structure of our proposed field theory of steady state inertial range turbulence
is reminiscent of the macroscopic structure of quantum gravity as a sum over spacetime
geometries. It will be interesting to obtain a better understanding of this relationship.
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